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Passive scalar advected by a very irregular random velocity field

D. Gutman
Physics of Complex Systems, Weizmann Institute of Science, Rehovot 76 100, Israel

~Received 3 December 1996!

It is shown that the anomalous exponent of a scalar advected by an extremely irregular turbulent field found
by Gawedzki and Kupiainen@Phys. Rev. Lett.21, 3834~1995!# in a special limit can be derived also in a more
general case with the velocity viscous scale kept finite.@S1063-651X~97!06507-0#

PACS number~s!: 47.27.Gs, 05.40.1j
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I consider the problem of a passive scalar field advec
by a random velocity field. The advection is governed by
equation

~] t1va¹a2kD!u5f. ~1!

The Laplacian term corresponds to the molecular diffus
with diffusivity k. Let us assume that the scalar field is ra
domly pumped into the system by a pumping forcef. The
statistics of the pumping is Gaussian with the pa
correlation function̂ f(r ,t)f(0,0)&5d(t)x(r ), wherex(r )
is decaying on some scaleL. The turbulent fieldv is as-
sumed to bed-correlated Gaussian with the velocity pa
correlation function

^va~0,0!vb~ t,r !&5d~ t !@^v2&dab2Kab~r !#. ~2!

HereKab(r ) is an eddy diffusivity tensor usually defined a
@1#

Kab5
D

r g ~r 2dab2r ar b!1
D~d21!

22g
dabr 22g. ~3!

We see that when the velocity field becomes extremely
regular~the scaling exponentg tends to 2! the eddy diffusiv-
ity tensor has a singularity. One way to handle this was u
in @2# by considering the special limit whenD}(22g), i.e.,
decreasing the magnitude of the velocity field together w
the degree of smoothness. Since the main point of intere
@2# was the~anomalous! exponentz4 of the fourth-order cor-
relation function, it is natural to assume that the dimensi
lessz4 cannot depend on the definition of the dimensio
quantityD. Indeed, it will be shown below that the proble
can be consistently considered while all physical quanti
are kept finite and the result forz4 coincides with that de-
rived by Gawedzki and Kupiainen.

To treat the singularity accurately we regularize the ed
diffusivity tensor in the ultraviolet limit by introducing the
cutoff at some viscous scaler h as it has been suggested
@4#. Physically, this means that the velocity field is smooth
by viscosity at scales less thanr h and, as a result, the veloc
ity pair-correlation function should be quadratic at su
small scales. One may use, for instance, the generalizat
561063-651X/97/56~2!/2279~3!/$10.00
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Kab5
D̃~r /r h!2

~11r 2/r h
2 !g/2S dab2

r ar b

r 2 D1
D̃~d21!

22g

3dab@~11r 2/r h
2 !~22g!/221#, ~4!

whereD̃[Dr h
22g . As g→2, Eq. ~4! has the finite limit

Kab→DS dab2
r ar b

r 2 D1
D~d21!

2
ln@11~r /r h!2#dab.

We want to study the properties of the correlation functio
of a passive scalar field inside the convective interval. T
upper limit of this interval is determined by the pumpin
scaleL. To find the general expression for the diffusion sca
one has to compareKab andk, which gives

r d5AS k~22g!

D
1r h

22gD 2/~22g!

2r h
2. ~5!

If 2 2g is the smallest parameter in the problem, then

r d5r hFexpS 2k

~d21!D D21G1/2

. ~6!

If the condition k,Dr h
22g is satisfied then the diffusion

scale is less than the viscous scaler d,r h and the convective
interval isr h!r !L. I shall show that, as long as ln(r/rh)@1,
the statistics of the scalar is close to Gaussian in the con
tive interval atg52, as it was sugested by Falkovich@3#.
Considering then the perturbation theory with respect to
small parameter 22g, we shall prove that the anomalou
scaling exponent was correctly calculated in@2#. The equa-
tion for the two-point correlation function
^u(0,t)u(r ,y)&5 f (r ) is

L̂f ~r !52x~r !. ~7!

Let us choose the pumping to be close to a steplike func

x5H 1, r ,L

0, r .L.
~8!

The turbulent diffusion operator for an n-point object is

L̂5(
i , j

Kab~r i j !¹ i
a¹ j

b , ~9!
2279 © 1997 The American Physical Society
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wherer i j 5r i2r j The solution of Eq.~7! inside the convec-
tive interval in the main logarithmic order is

f ~0!2 f ~r !5
r 2

lnS r

r h
D , r h!r !L. ~10!

We see that the pair-correlation function is almost ‘‘diff
sive’’ in the convective interval. Atr .L, it decays by the
law f (r )}r 22d @4#. We thus restrict ourselves byd.2; the
same restriction has been assumed in@2#. The fourth-order
correlation function satisfies the equation

L̂F52( x~r i j ! f ~r kl!. ~11!

Since the operator of turbulent diffusion is similar to t
usual diffusion operator in this case, we guess that the
swer at g52 is close to GaussianFg5 f (r 12) f (r 34)
1 f (r 13) f (r 24)1 f (r 14) f (r 23). To show that this is the case

we develop a perturbation theory, dividing the operatorL̂
into four pieces

L̂5L̂01L̂11L̂21L̂3 , ~12!

L̂05Ddab~d21!lnS r

r h
D¹ i

a¹ j
b , ~13!

L̂15Ddab~d21!lnS r i j

r D¹ i
a¹ j

b , ~14!

L̂25DS dab2
r ar b

r 2 D¹ i
a¹ j

b , ~15!

L̂352
~22g!

2
lnS r i j

r h
D S dab2

r ar b

r 2 D¹ i
a¹ j

b . ~16!

Herer 25( i , j r i j
2 . Our first goal is to verify that the Gaussia

solution that we proposed is correct atg52, that is, the

corrections due to operatorsL̂1 and L̂2 are small in
ln21(r/rh) in comparison to the unperturbed solution. Aft
that, following @2#, one may start the perturbation theo

with respect toL̂3.
Let us denote byFi the correction due to the operato

L̂i ,

L̂0dFi5L̂iFg . ~17!

The total correction isdF5dF11dF21dF3. In order to de-
velop such a theory one should solve Eq.~17!. Since we are
especially interested in the irredicible part of the fourth-ord
correlation function it is convenient to develop the theory
the coordinates that use the translational invariance and

agonalize the operatorL̂0. The following choice of the vari-
ables satisfies this condition@2#:

r125x, r345z, r235
1

A2
y2

1

2
x2

1

2
z. ~18!
n-

r

i-

One may choose other permutations as well. In these v

ables, for the three-dimensional problem, the operatorL̂0 is

L̂05 lnS r

r h
D @Dx1Dy1Dz#. ~19!

The Green’s functionG of L̂0 is

G5 ln21S r

r h
D 1

@~x2x8!21~y2y8!21~z2z8!2#7/2.

From Eq.~17! we obtain

L̂0dF15
3r i j

2

lnS r i j

r h
D lnS r kl

r h
D 1

4r i j •r kl

lnS r i j

r h
D lnS r kl

r h
D lnS r ikr j l

r i l r jk
D .

The structure of the correction is naturally divided into tw
parts. As may be seen directly from Eq.~20!, the terms of the
type r i j

2 ln21(rij /rh)ln21(rkl /rh) produce the correction
r 12

4 ln22(r12/r h)ln21(r34/r h), which is small in ln21(r/rh)
compared to the reducible Gaussian part. To calculate
correction that comes from the remaining term, a more d
cate analysis should be done. This correction may be re
sented as an integral

(
iÞ j ÞkÞ l

E r i j •r kl

lnS r i j

r h
D lnS r kl

r h
D lnS r ikr j l

r i l r jk
DG~r ,r 8!dr8. ~20!

This integral is regular at the low limit, but diverges at th
upper limit. We are concerned with the divergent parts of E
~20!. The integration may be divided into two par
r h<r 8<r and r<r 8<L. The integral~20! cannot be calcu-
lated explicitly; however, some definite estimations can
made.

Let us start to expand the integrand inr overL and try to
calculate each such term. Since we use the pair-correla
function in the main logarithmic order this integral will pro
duce the term that diverges asL4 and L2. The terms with
n53 andn51 are forbidden by an isotropy of the problem
We pass to the Gawedzky-Kupiainen variable, choosing
each term this coordinate asx andz,

E
0

L
d3x8d3y8d3z8x8•z8lnS uA2y1x2zuuA2y2x1zu

uA2y1x1zuuA2y2x2zu
D

lnS r

r h
D lnS x8

r h
D lnS z8

r h
D @~x2x8!21~y2y8!21~z2z8!2#7/2

.

To prove that the perturbation theory is valide we sho
show that correction to zero mode is zero. There are
different regions of integration that may contribute to t
correction. In the first region two integrals are determin
inside the convective interval and a third is on a scale m
larger than convective interval
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E
0

L

d3y8
x•z

lnS x

r h
D lnS z

r h
D lnS 11

~x2z!2

2y82 2
3

2S y8~x2z!

y82 D 2

11
~x1z!2

2y82 2
3

2S y8~x1z!

y82 D 2D
5E

0

L

d3y8
2x•z

lnS x

r h
D lnS z

r h
D S 2

x•z

y2 13
~x•y8!~z•y8!

y84 D50.

We see that after integration over angles this term vanis
It is yet an unsolved problem to show analytically that t
contributions from all other regions of integration are va
ishing. However, since the coefficient before the logarithm
cally divergent part does not contain any parameters it m
be calculated numerically. Using the Monte Carlo meth
we verify that this integral is indeed zero. We have prov
that the correctionF1 is small in ln21(r/rh) with respect to
the Gaussian part of a solution.

Finally, we show that the last part of the operator, name
r i j

a r i j
b r i j

22¹ i
a¹ j

b , does not affect the answer. Since the cro

term operatorL̂2 has a zero scaling then the correctionF2

obeys the equation

L̂0dF25r i j
2 ln22S r

r h
D . ~21!

Therefore,dF2; f 2(r )ln21(r/rh). As can be seen, the pertu
bation theory in ln21(r/rh) is regular and the solution fo
s.

-
-
y
,

d

,
s

g52 is Gaussian in ln21(r/rh). Note that the near-Gaussia
solution found atr @r h can be matched naturally with th
near-Gaussian solution in the small-scale viscous-convec

interval r d!r !r h ~which exists ifk!D̃), whereg50 and
f (r );r h

2 ln(rh /r), etc. @5#.
Therefore, the perturbation theory for 22g was started in

@2# with the correct zero approximation. The next step is
develop the perturbation theory for 22g, keeping the larges

term in ln21(r/rh). Since the operatorL̂3 has the same loga

rithmic dependence asL̂0, the respective logarithms canc
each other. At any step of the 22g expansion the answer in
the main logarithmic order is the same as when we substi
a constant factor instead of the logarithm~as has been don
in @2#!. That means that the anomalous scaling exponent
calculated correctly in@2#. One may see the qualitative dif
ference between the small-scale behavior of two Gaus
limits g50 andg52: in the first case, non-Gaussianity d
creases as the scale decreases@5#, while in the second case i
is the other way around.
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